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DUALITY THEORY IN PRODUCTION

I- INTRODUCTION

In agriculture farmers are always confronted with Making decisions about what
and how to produce. In most cases, decisions tarn out to be that farmers would be
engaged in more than one agricultural enterprise.

Past research has been devoted to estimating supply functions for many
agricultural commodities by Simply estimating a single supply function by applying
an "OLS" estimate. Using this method, ignore the fact that most farmers, in reality,
produce multiple outputs by using multiple inputs.

In general, supply and factor demand functions can be derived by two
approaches; (1) primal approach and (2) dual approach. Both approaches will be
discussed in section IV of this paper.

Dual approach will be used in this paper to estimate two supply functions
(livestock and livestock product, and all crops) and four factor demand functions
(feed, seed, fertilizer, and hired fari labor) for 15 years time period.

II- OBJECTIVE OF THE PAPER

The main objective of this paper is to estimate profit share equations by using
an econometric modet based on duality theory. Other objectives to be derived from
the estimated models are:

i- Own - Price Elasticities.

2- Cross-Price Elasticities.

3- Measure of Retum To Size.

4- Measure of Technological Change.
Input /output Economic Relationships.
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REVIEW OF THE THEQORY
Let F(Y, X / Z) = 0 be the implicit production function which is also called a

transformation function. Y and X are defined as vectors of outputs and inputs,
respectively.

Y = (Y, Y2 ... ¥n)s X = (Xy, Xp, ...Xy) Where y; is the quantity of output i

produced and x; is the quantity of input j used in the production process, Where Z
is defined as fixed inputs.

The following assumptions are made in this study:

1- Perfect competition in output and input markets.

2- Fis continuous and twice differentiable.

3- F 1s strictly convex set,

4- F is closed and bounded in Y and X of the positive orthant.

5- F is monotonic which means that if X is in F (Y, X) and X' > X, then x' is

alsoin F (Y, X).

6- Fis a regular set.
7- Tarmers are profit maximizers.

Profit can be defined as

TT=TR - TVC - TFC —rmeemmemceeme- (1)

T =PY - RX — TFC —eooesmmmrmmmmemm )
Where TR = Total Revenue, TVC = Total Variable Cost, and TFC = Total

Fixed Cost.

P is defined as a vector of output prices, where P = (P, Py, ...P,) and R is

defined as an input prices vector where R = (ry, 13,...1,).

Primal Approach
Supply and factor demand functions are obtained in the following way:

Maximise TE = PY' - RX'— TFC + AF (Y, X/ Z) .....(3)

The first order condition is:

dx d¥F

-12-



DUALITY THEORY IN PRODUCTION

dxa dF
= RAA =0 mrceemmcem (5)

dX T dx

— = F(Y.X/Z) = 0 ~emmmemmm (6)

ey,

where
- da g . 4F . 4F . AF ¢ X .
— + 4 p — ., = N ) PO
mwﬁi Amm. H N‘. MMM..M P MMN i mwc mMJM«.N mwe g .Muwmw + ,_m nMMumw W MIQ‘ Q m‘ww.wm
& umr; 0 e S e Y 20,000,

&% R 8K, ! = : @Ry T W 2/ 4 S

From (4) and (5) we get the following relations:

Pi  dF/dvi ~dyi

= = ——— = = RPT, . v oo {7
Pi dF/dYi dvi I )

i dFjdxi_—dy (8)

ri  dF/dx dw

i —dF Adxi  dvk ,
: e (9)

Pk~ dF/dvk gyl

Were Relation (7) states that the rate of product transformation for every pair

of outputs (RPTyiyj ), holding the levels of all other inputs and outputs constant,
must equal the ratio of their prices.

Relation (8) states that the rate of technical substitution for every pair of inputs
(RTSy;, ) holding the level of all other inputs and outputs constant, must equal

their price ratio.

Relation (9) can be rewritten in another form as

dyy |

which says that the value of the marginal productivity of each input, with

respect to each output. must be equal to the input price.

All three relations (7, 8, 9) are necessary conditions for profit maximization.
The second order condition for profit maximization requires that the determinant of
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the border Hessian matrix (H?) must be negative semi-definite. H® can be written in
the Following form:

- don 4z A% -
di® didx dedy
B d<x 44z d%z
HY = dxdi.  dxf  dxdy (1)
Ldydr.  dvdx  dy? 4

n+m+lixin+m+i}
From (11), negative semi-difiniteness of H® requires that the relevant border
Hessian determinants alternate in signs.

0.5 > 0 [H,®] < 0 W) > 0.

Therefore Supply and factor demand functions are obtained by Solving the
@awmﬁwaﬁ equations mf 5, 6). . )

4* (P,R) = :mm (P, R), w\m (P,R), ...... Y 4 (P, R}} wn(12)

X PRY=[X @ R,X2(P,R),..... X (P R) cee(13)

The indirect profit function (IPF) is obtained by substituting the profit
maximizing supply and factor demand functions (12,13) into inflowing equation.
The (IPF) can be written as follow

TL=PY'- RX'~ TFC sumsmsnmsanmcmann (2)
% (P,R,F)=PY" (P,R)-RX (P,R) - TFC ....(14)

The indirect profit function is a function of the output and input prices that give
the maximum level of profit at different aliernative price levels.

Dual Approach:

Duality theory offers a convenient way of deriving and estimating supply
function and factor demand function that are consistent with the theoretical
properties of production function. Duality concept was first introduced into the
economic analysis by Hot telling (in 1932) in the consumer theory. Shepherd (in
1953) extended the use of duality theory into the cost theory. McFadden generalized
the use of duality in the production theory te include profit and revenue functions.

Supply and factor demand functions are obtained by applying Hottelling
Lemma to the indirect profit function (14).

dn(P,R) . ‘ .
" Y"(P,R) e (15)

-14 -



DUALITY THEORY IN PRODUCTION

drr™(P,R) .
= ~X"{P R
T: X" (P, R) (16}

The indirect profit function is characterized by the following properties.
(1) IT" (P, R} is continuous and twice differentiable,
(2) I" (P, R) is non decreasing in the output prices.
If p°p, then II'(P°, R) 211" (P,R).
(3) IT (P,R) is non increasing in the input prices.
If R°2R, then II'(P,R%) =1T" (P,R).
(4) IT (P,R) is homogenous of degree one in the output and input prices,
1T (P, tR) =t IT" (P, R) Wheret>0
(5) IT'(P,R) is convex in input and output prices.

IT (tp+ (1-) P°, (R + (1) R) <t IT (P, R) + (I-1) IT'(P,R).

Convexity of the indirect profit function requires that

42 (PLR)

W-—--—->-Wg2z{
d (P,R)*
(6) D, TI" (P, R) is symrnetric.
&) [-dXRRY AXER)
- pdar drer} _ | @ 4p 1
DR = 1o | aen e | -7
lapar  ap? ar dp
General Form:
» A C
D IT(PR) = [§ ww

Matrix A and Matrix D are both symmetric, and B = C.

D, 11" (P, R) is symmetric and positive semi-definite. A necessary condition for
positive semi-definiteness is that the main diagonal of D, IT" (P, R) is greater than
or equal to zero, i.e.

@smumw«m

= 0 i=12 . ..m e (18

L =0 F=1,2, 0 n e (19)
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Relation (21) can be wriiten as:

Awumy.m < 0 2073
o NV P'A1).

Relations (18) and (19) show that the supply function is upward sloping and the
factor demand function is downward sloping.

Symmetry property of Dy 1 (P, R) implies the following:
dx’y dx’
0 = foralli'sandj's.
dry dr;
o el
= =  foralli'sandj's.
mﬁw dp;
|mﬁwm Nmm*,k 1
(3) . = foralli'sandj's.
mmmuﬁ ﬁmmm_

1V- THE PROPOGSED MODEL

The indirect profit function can be represented by various functional forms.
The form used in this paper is a translog function. because it has been described as
flexible due fo the fact that it has a sufficient number of parameters to allow for
measurements of all relevant relationships without any prior restrictions (Hanoch,
1975). The translog form of the indirect profit function (14) can be written in a
matrix notation as:

T=, +Xd+ Wm 'Bd e 21)
Where
T=mmW, N =Pr-RX-F, d=/P B 7] p-inP. R =Ink,
Z = [InT" InF]

T is defined as a time trend which is used as a proxy for technology and F
represents the fixed cost.

The translog indirect profit function is expressed in a regular notation as

In T (InP ) InR; InT, InF)
. i .
g+ L o, Inr, + 5, B, Inp, +25.8,4,, Inr; Iny;
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oY Xy Syl by, + B Y, dy Iupy Inpe + b InT b, +

s LK :

I P

g
iy
i
=
e
%?-»
-
L
ey
i
b
ey
=
ks

(22)

Using Hoteling Lemma, the first partial derivatives of (22) with respect to 1aP
and InR are equal to revenue(myk) and expense shares(mxi) of profit; i.e.

dinn” dr” vy 7
H L T
= TR e Jy e I %m\www
dinr; iry 7° Lo
-M; =&+ M gyl + M S inPy + b InT
i k
;b 34 LEY
+hlnF L (23)
ding” d7° L Py

eI e .

dinp, dp, =~ = Fx

= B, + M S I+ M dop InFy + o, 7

+o InF (24

V. Theoretical implications of the modei:
(1) The linear homogeniety of the indirect profit function requires:

which requires the following to be held simultaneously:

@ 2%y XiBg=1
OB 84 2o Sixe =0
©  Zibs X €0

@  RiSije 2idp~o

The linear homogeneity of the indirect profit function implies that the share
equations are homogenous of degree zero in all prices.

(2) The symmetry property of the D, n*(P,R) requires the following to be true:

Sij=8§
T
Q.:. = ﬁ:m
(3)The price elasticities of choice (weaver: 1983)
dx; 1 5. I
£ E m e e el v x b, S
Q mww X; Gl m\w.wmw
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dx; 1 : SI7 y
Mﬂw‘m.. R, r———— ——r i A e———
Codn x My, *
y X mm,s‘% S
* .muw Xy v Mﬁwﬂ
0 Y Py _ Ay
e T T T T Myps
Peow M,
- h e _ Syr Py
G = —1+ Myy 5 =-"
VI By r
Ey= —o= - My,
7Y My

{4) Return to size (PTSZ) (weaver: 1983).

RTSZ can be measured with parameters of the indirect profit function as
follows:

rji dm
RISZ= Zijmi =2 7=/ X =

7 odrj

RTSZ= X,y M.; [ 2o Myx

Pe dm
T dpi

If RTSZ =1; constant return to Size.

If RTSZ >1; increasing return to size,

If RTSZ <1; decreasing return to size

(5) Measure of technological change.
Hicks definition of technological change is:

Saving |
X; Neutral elative to x; if K M @
Using
X;
Where _A:H& P \xmmm,
M.%;W

“Given the input & output price are constant”
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In this study technological change ‘will be measured by using the estimated
parameters of the estimated model in the following way:

Technological change is biased toward saving x; and
using

using xlmgww , where M ; m..w. wwww !mm M,; .25
saving

(6) Economic Relationships:

dx;
If — = (), then inputiand j arc substitutes.
&.MW.
dx;
If MIN < ), then input i and j are complements.
¥ o
i
mm..ﬁq.w n
1t — = 0, then output ! and k are complements.
apy
gy
If 4 : = mwu then output land k are competitive.
g

VI STATISTICAL, EVALUATION OF THE MODEL
a. The model to be estimated is written in the following form:

My, = B, + 5, L, + 8, Inny 4 S, g Loy + 5, Iy +d, LnP,
+d.,InP, + CInf, + ¥, InF+e

My, = B, + 5, Inny + 5. 5nn 4+ S5 ng + 5, Iy, + I,
+dyInPB + GInl, + V. InF + g

M, = —o,~8.Lar, — &, Lnn, — ;Lo — 8., Lo,
=53 Inf -5, 1P, - B IuT — hInF e

My = == 8y lany — dsp Ly — SyyLnry = 8 by, = 5 dnfy
= SInf = 5o knPy — by InT ~ b lnF + e,

My =~ Gy, Inny ~ 8Ly — 8y, Ly — 6, by 5, L,
=~ S knb ~ 5L 0nb ~ bl — fyinF + 2,

M= %, b, Iar, — 6. Lnn — 8 b — 6, Loy, — 8, LnP,
= Solnb = byinl ~h,InF + e,
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Where:
M v ¢ = Profit share of output i, i=1,2.

i

m\ma = Profit share of inputj, j=1,2,3,4.
¥y = price paid by farmer for input j (index number)

£ = Price received by farmer for output i (index number)

T = Time trend.

Y = Discounted cost of miscellaneous expenses.

Y: = Livestock and livestock product.

Y, =All crops.

xy=Feed, x;= fertilizer.

x3=Seed. x4 =farm labor.

Regression analysis of single equation ordinary least Square estimates was
applied on the different share equations.

The estimated parameters are reported in the following tables:
Table 1
Parameter Estimates for the Input Profit Share Equations.

mr..:.m. Parameter Value Std. Dev. T~Ratio
Equation . i
B, -114.925 — -
dy; -13.394 10.7 -1.3
daa -2.522 18.6 0.14
Wm%.ﬂ.w m: 7.656 17.2 0.4
~ Sia 6.404 8.5 0.75
R*=74.68 Sis -24.051 16.6 14
| Sia 32.839 17.2 1.9
g 16.339 18.9 0.86
C -2.786 29 0.95
B, -106.2 p— Sh—
dia -12.9 10.9 -1.2
{ dys 3.8 19.1 -0.2
%ﬁ% S 12.3 17.7 0.7
L, Sa 5.3 8.7 0.6
R*=76.67 Sn 23.0 17.1 13
Sos 322 17.6 1.8
2 11.89 19.5 0.6
C, 2.8 3.0 -0.9

1 - Miscellaneous expenses are treated as fixed cost.
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Table 2
Parameter Estimates for the Input Profit Share Equations.
m m_ums.w. Parameter Value Std. T-Ratic | R?
‘ Eguation Dev. . 1k
| & 30 — ——
Sy 4.3 29 1.4
Sy 1.6 5.2 0.3
v ey -43 48 -0.9
Tl &is 1.4 24 0.6 0.748
&,y 6.8 4.7 1.5
54 -9.3 4.8 -1.9
7, -3.9 5.3 0.7
b, .75 0.82 0.9
D) -2.9
Sy 0.228 2.1 0.1
Sa 0.5 3.6 0.13
By -0.16 3.4 -0.05
M: Bss 0002 |17 0.001 | 0.550
Gy 1.4 3.2 0.4
dog -3.9 3.3 -1.2
Zs 2.1 3.7 0.6
b, 0.4 0.6 0.6
{3 22 —— —
S31 0.4 0.8 0.5
S3, 0.3 1.4 0.2
O34 0.4 13 0.3
M S1s 0.05 0.6 0.08 0.68
Baz 0.63 1.3 0.5
O34 -1.9 13 1.4
7 0.3 1.4 0.2
B; 102 102 0.95
Mg P 28.9 0.80
Sai 3.5 15 2.3
Sa 0.7 2.6 0.3
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Gy 2.7 2.4 1.1
Gys -1.6 1.2 -13
&iq 4.9 23 2.1
Bis -5.4 24 -2.2
i -4.9 2.7 -1.9
L F..l.. _ (143 0.42 1.1 _
b. Estimating own- and cross-price elasticities of outputs and inputs. Table 3

shows these estimated elasticities.

Table 3
Means " of price elasticities of choice (1966-1980).

rices of Input

oupt ¥y Yz Yy | Xz Xz Xg
Output Input

Yy 1.4 1.7 0.25 1 -6.9 5.9
Va2 4.3 2.4 1.6 0.6 -5.5 6.7
Xy 1.5 4.12 -3.0 0.07 -2.1 5.7
Xs 1.6 3.5 -145 | -1.6 -1.9 11
X3 . 29 2.8 -4.48 |5.03 -435 | -3.62
X, -0.1 33 2.08 -046 1-0.44 ! -0.01

c. FEstimated return to size is calculated using the mean of the inputs and
outputs profit shares. The result indicated that RTSZ = 0.3, which implies that there
is decreasing return to size. This simply means that profit cannot be increased by
further size expansion.

d. Technological change is calculated according to equation (32). Results are
shown in Table 4.

Table 4

Measure (Mean) of Techno logical change
Inputs Fertilizer Seed Labor
Feed -0.97 -0.11 ~(0.03
Fertilizer -0.04 0.022
Seed 0.054

. Means is based on taking the avg value of input and output share, respectively,

=22 .
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VII- Statistical Evaluation of The Model

A: tests for multi-colinearitys

Results of the estimated model showed the existence of multi-co linearity
among the explanatory variable . This problem led to some difficulties of the
precision of the estimated parameters and very large sampling variance of the
estimated coefficients, thus It is almost impossible to make any hypothesis testing
in this case (Johnston.1960), Correction for this phenomena was carried out.

B: Test for Symmetry
The indirect profit function is symmetric if the matrix B in equation (26) is

symmetric .
The symmetry of matrix B implies that &, if &,

die = dy; 1&j=1234
Si; = Sy k1=12
S = Sy
H&Qﬁmm“mww‘m”wm
Hyt6, # 6,
{8,

n = sample size.
g (& ;)= thestd. dev. of coefficient (&; ;)

If WMJ = mﬁwm reject Hy.
mm;m = MM% m fail to reject Hy,.

Where t. = critical t value

VIIL SUMMARY

In this paper it is demonstrated how one can derive and estimate share
equations from the indirect profit function. This method is very convenient when
there is no data available for the quantities of outputs produced and the quantities of
inputs used in the production process.

1t is obvious that from the output and input share equations that the supply and
factor demand functions could be obtained. In general, we need to take the antilog
of the indirect profit function and then apply Hotelling Lemma to get the supply and
factor demand functions.
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