Complete Analytic Vector Fields on Open
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e Abstract:

We shall give complete description of the analytic vector fields on an
open unit Euclidean ball, B = {x: (<x,x>) <I} in R* with Vanish on unit
sphere S= {x: <x,x> =1} in R".
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Introduction

In our paper [1] we gave the complete structure of complete polynomial vector
fields on open unit ball B: = {x: <x,x> <1} in R",

where x = (X1, X2, ..., Xn) our result was the form :
P(x) = R(x) - <R(x), x > x + (1- <x,x>) Q(x)

for some polynomial mappings R, Q!Rn —)Rn, In [2] we proved that if

F:RN—)R,is a polynomial and P:RN—)R,be any polynomial such that
P(M) =0 and M c RN then there is a polynomial

q:RYN—> R,such that P=gq. F when F(x) = Qi(x) . Qx(X) . ... . Qn(X),

*Associate Professor, Department of Mathematics - Faculty of Sciences - University of Tripoli

5



AL-JAMEAI -Volume 32- Autamn 2020

and Q; are linearly independent affine functions.

In [1] we proved that if F:RN—)R,be a polynomial such that f(x) = 0 for Xe S
where S = {x:<x,x> = 1}. Then there exists a polynomial QZ R —)R,such that
f(x) = (1- <x,x>) Q(x).

Our main Result.

Definition : Given any subset K in R", the set of n tuples and mapping
V: Rn—)Rn, we say that V is complete victor field in K. If for every point

koeK . There exists a curve X: R—> Ksuch that X(0) =k,
and % =V (x(t)) for all teR.

CAYLEY TRANSFORM - [2]

Inversion:
Ix
I: RN\ {-e} ©ORN\{-e}.
Ix)=-e+4 x+ez - e
|ete
E

Well-known : I =1
I:S\{-e} ©E, where S is unit sphereand E : = {x: x-el e}

Cayley transform:

Cx)=Ix)-e=-2e+4 *T¢

e+
C:S\{-e} ©E=E-e={x:x Le} S &
B={x:|x]| <1} ©Ho ={x: <x.e> >0} 0

Eo

Theorem 1: Assume that G — RN is an open connected set such that G NE¢ = &
And let ¢ : G < R be an analytic function such that ¢(x) =0 for all xeG N Eo .
Thend(x) = x1'¥ (x) for some analytic function ¥: G < R where x; =<x.e>

and x = (x1,Xz,.., Xxn) € RN,
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Proof: Let Eg= { pe RN : xi(p) =0} , be a hyper-plane ¢ p)=0 for pe Eo.
. ] n

KO, 3y o P3P

p eE = X (P=0, %1(p).XV(P)=0,if n, >0 Eo

0=d(p) kZIrQ++nN:ka”nz n

p:=§262+...+§NeN€E) , éZ""’éN €R, arbitrary.
= = N
0=¢(p) ,bﬁ,%NdcaOr&...nNé’Z gjlv

HZ(P) Xy N(p), by assumption.

+ooct

. _a ”N¢(§2e+ #yey) 1 _
0n,...n, ox) ...6x1\4v ny! ...np!
a“”z"’”zv: 0,Vn,,...n,.

Ap) = ";W’Wa"l'ﬁ nx1<p) 2V 0)

=9 Z . ;d\,ﬂf nny.my* "o A0
= ) V.-

wp) :I; mgo Iyt .;nN:l anlnanxi"(p)xNN(p)

With m=n;-1 and I=k-1 .

Theorem 2 : Assume u cRY is an open connected set such that -e¢ u and Su >
and let f:u—>Rbe an analytic function such that f(x)= 0 for all x € Su.

Then f(x)= (HxH2 —1) g(x) for some analytic function g:u—>R.

Proof: Define G:=C(u) and ¢:=f o C"' is terms of the Cayley transform C. Then
(=0 for all xeCuMS) =C(uM[S\ < 0>]) = C(u) NC(S\ <0 >) = GNE,y %8,
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Then by the Theorem 1, we can write () :x1\|(x) with an analytic function
Y:G— R Since f= ¢ o C, we have,,

fx)=[ C)l WAXN)) (xew).
Let us calculate [ C(x) ]; :

X+e

[C(x)]i= <C(x)e> = <'2€+4W| e>

P 4x,+4
x+e” |1 +2<x]e>He|’

dc+4 1
P +26 +1 ] 424 +1

|_—2HxH2 —4x; —2+4x, +4J

2-2x|’
|+

Therefore the function

809 =-2 —[‘Kax)) Xel).
[x+e =)

Satisfy our requirements. W
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